Computation of dilute two-phase flow in a pump  by Hazra, S.B. & Steiner, K.
Journal of Computational and Applied Mathematics 203 (2007) 444–460
www.elsevier.com/locate/cam
Computation of dilute two-phase ﬂow in a pump
S.B. Hazraa,∗, K. Steinerb
aDepartment of Mathematics, University of Trier, 54286 Trier, Germany
bFraunhofer Institut für Techno- und Wirtschaftsmathematik (ITWM), D-67663 Kaiserslautern, Germany
Received 30 November 2004; received in revised form 17 August 2005
Abstract
This paper is a report on a joint project between academia and industry which is concerned with computation of dilute two-phase
ﬂow through a pump in turbulent condition. The ﬂow ﬁeld for the continuous phase is computed using the Reynolds averaged
Navier–Stokes equations together with mixing length turbulence modeling. The dispersed phase is treated using the Lagrangian
approach by tracking it’s trajectory along which the information is passed. It is found that the bubbles and small solid particles ﬂow
out of the chamber (between the rotating impeller and the casing wall) with the conveying ﬂuid. The solid particles of relatively
bigger sizes accumulate at the low pressure zones near the cashing wall or the rotating shaft.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Flow of bubbles and solid particles is of fundamental importance in many natural, physical and industrial pro-
cesses. In this study we simulate numerically such ﬂow behavior inside a turbomachinery (in particular, inside a
single stage centrifugal pump). During the pumping process multiphase ﬂow (mixture of liquid, solid particles and/or
gas bubbles) may occur through the chamber between the casing wall and the rotating impeller. Due to difference
in densities of the bubbles or solid particles and the conveying ﬂuid that is being pumped, the bubbles or solid
particles move differently in the ﬂow. Normally, the particles move towards the low-pressure zone in the cham-
ber. The performance of the pump goes down with the increase of particles or gas bubbles in the chamber. The
‘mechanical seals’ between rotating shaft and casing wall are wet by some ﬂuid causing the friction to be reduced.
If the bubbles accumulate around it, the seal becomes dry and this leads to it’s destruction. Then the pump fails to
function.
In all the phenomena and processes related to particles/bubbles, there is relative motion between particles on one
hand, and surrounding ﬂuid on the other. In many cases, transfer of mass and/or heat is also of importance. In our
study, by the word ‘particle’ we mean a self-contained body with maximum dimensions about 0.5m to 1 cm, sep-
arated from the surrounding medium by a recognizable interface. The material forming the particle will be termed
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as ‘dispersed phase’. We refer to particles whose dispersed phase is composed of solid matters as ‘solid particles’ and
those composed of gas as ‘bubbles’. These particles can be of different shapes and sizes.
Different models used to study such two-phase ﬂows are given in [7,3,5,6] and in references therein.We compute here
dilute liquid–particle ﬂows considering one way coupling. In such ﬂows, the ﬂow of the dispersed phase is controlled
by the surrounding conveying ﬂuid, unlike the dense ﬂows where it is controlled mainly by the particle–particle
collisions. We neglect the effect of other forces except the drag force in this study. We use a Lagrangian description
of the model to simulate numerically the dispersed phase. This model requires speciﬁcation of the ﬂow ﬁeld of
the conveying ﬂuid, which is obtained numerically. The particle trajectory is computed by integrating the particle
equations of motion as the particle proceeds through the chamber. For simplicity of description of bubbles in quasi-2D
ﬂow ﬁeld, we consider the shape of the bubbles to be spherical-cap which is a valid approximation at high Reynolds
number [8].
In the next section we describe the governing equations and initial/boundary conditions of the continuous phase. In
Section 3 we brieﬂy discuss about the mixing-length turbulence model that is used in our study. Section 4 presents the
governing equations of the dispersed phase whose derivation (specially for gas bubbles) is presented in the Appendix
(appears at the end of this paper). Section 5 presents a brief description ofmethod of solution, the results and discussions.
We make our conclusions in Section 6.
2. Governing equations and boundary conditions for the continuous phase
We study the ﬂow between a rotating impeller and a casing wall of a (single stage) centrifugal pump. Such ﬂow
region can be modeled by the geometry between ﬁxed and rotating disks (Fig. 1). The ﬂow ﬁeld can be described
by the incompressible Navier–Stokes equations [14]. Here temperature variance is neglected and therefore the energy
equation is not solved for temperature. We are interested in the steady-state solution of the continuous phase which
does not depend on time. The dispersed phase is described by Lagrangian formulation, which means the path of the
particles/bubbles is tracked by integrating the evolution equations in time.
Since the ﬂow is turbulent for the Reynolds numbers (deﬁned by Re = r2max/, where  is the angular velocity of
the rotating shaft or the rotating impeller,  = / is the kinematic viscosity) in the range used in our computations
(is of the order of 106), we solve the Reynolds averaged Navier–Stokes equations together with Mixing Length
turbulence modeling. Cylindrical polar coordinate system is considered to describe the problem mathematically. In
case of rotational symmetry, V (r, z,) = V (r, z) only, where V is the velocity vector with components u,w and v
in r (radial), z (axial) and  (tangential) directions, respectively. In that case the Reynolds averaged Navier–Stokes
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Fig. 1. The geometry of the computational domain.
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equations in this coordinate system read as

{
W
U
z
+ U U
r
− V
2
r
}
= 
r
{
2∗ U
r
}
+ 2
∗
r
{
U
r
− U
r
}
+ 
z
{
∗
(
U
z
+ W
r
)}
− P
r
, (1)

{
W
V
z
+ U V
r
+ UV
r
}
= 
z
{
∗
(
V
z
)}
+ 2
∗
r
{
r

r
(
V
r
)}
+ 
r
[
∗
{
r

r
(
V
r
)}]
, (2)

{
W
W
z
+ U W
r
}
= 
r
{
∗ U
z
+ W
r
}
+ 
∗
r
{
U
z
+ W
r
}
+ 
z
{
2∗ W
z
}
− P
z
(3)
and
U
r
+ U
r
+ W
z
= 0, (4)
where ∗ = + t with  being the dynamic viscosity, t being the turbulent eddy viscosity, and V ′ = (U, V,W) are
the corresponding mean quantities of the velocity components,  is the density and P is the mean value of pressure p.
2.1. Boundary conditions
To solve the governing equations in the domain (ABCD) described in Fig. 1, appropriate boundary conditions have
to be used. On the static and rotating walls (which are vertical sides of the channel) the following boundary conditions
are imposed on the ﬂow velocities:
At z = zmax (ﬁxed wall), U = V = W = 0,
at z = zmin (rotating wall), U = W = 0, and V = Vwall = r, where  is the angular velocity.
On the rotating shaft (i.e., r = rmin), U = W = 0, and V = Vwall = r.
On the upper part of the channel (i.e., r = rmax), W = 0 and U and V are given at the inﬂow and outﬂow according
to ‘one-seventh power law’ velocity distribution [9], since within the Reynolds numbers covered in this study, this law
gives satisfactory results.
At outﬂow (near the rotating wall):
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At inﬂow (near the stationary wall):
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where K = tangential velocity ratio of the center core =V/r and it’s value is taken to be 0.45. z is the distance from
the stationary wall and z′ is the distance from the rotating wall. The other quantities are related as
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Fig. 2. Staggered locations for → =w, ↑ =u, • = other variables.
and the constants b= 0.526, a = a∗ = 0.126 (however, a = 0.374 and a∗ = 0.22 was obtained from measurements and
we have used these values in our computations), Q is the through ﬂow rate (=2m3/s).
3. Mixing-length turbulence model
A wide range of studies have been made for proper modeling of turbulence, which occurs in different physical and
engineering phenomena. There are various models proposed starting from zero-equation model to two-equation model
[10,13]. In [15] it is shown that rotationally dependent axial mean velocity is irreproducible by two-equation models.
We use here a simple zero-equation mixing-length turbulence model. The turbulent boundary layer is considered to be
formed by two regions, an inner and an outer region, with different expressions for the eddy viscosity coefﬁcient. For
inner region this model provides semi-empirical expressions for t through the mixing length l deﬁned by
t = l2| ∇ × V ′|.
The representative models for the mixing length l in the inner layer (z/L0.22, L being channel half-width) are given
by the classical representation of Prandtl l = 
z, corrected by Van Driest [16]:
l = 
z(1 − exp(−z+/26)),
where 
= 0.41 is the Von Karman constant. The variable z+ is deﬁned by
z+ = z

√
w

,
where w is the wall shear stress and z denotes the distance to the wall.
In the outer layer (z/L0.22), mixing length l is given by
l = L[0.14 − 0.08(1 − z/L)2 − 0.06(1 − z/L)4].
The ‘Couette ﬂow’ relations for the radial shear stress has been corrected according to Bayley and Owen [2] due to
nonzero tangential inertia term.
4. Governing equations for the dispersed phase
In our study we use the Lagrangian approach to describe the motion of the dispersed phase and the volume-averaged
properties of this phase are used. The governing equations of motions, in that case, can be written component wise as
(see Appendix for details)
duB
dt
= − 1
B
(
P
r
)
+ FD
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, (7)
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Fig. 3. Radial (top) and tangential (bottom) velocity components at different radial positions.
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, (9)
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Fig. 4. Axial (top) velocity component at different radial positions and pressure (P = P(r) bottom).
where MB is the mass of the particle, B density of the particle, uB , vB , wB are the radial, tangential, axial velocity
components respectively,P is the pressure of the continuous phase andFD is the drag force on the particle. The evolution
equations for particle motion can be written as
dr
dt
= uB , (10)
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dz
dt
= wB . (11)
To solve the above evolution equations (7)–(11), one needs to prescribe appropriate initial conditions for velocity and
position.
5. Method of solution
The Reynolds averaged Navier–Stokes equations together with the mixing-length turbulence model are solved using
the iterative solution strategy of Patankar and Spalding on a staggered grid, as explained in [12,11]. The position of
different variables on the computational staggered grid is shown in Fig. 2. After obtaining steady-state solution for the
velocity and pressure ﬁelds of the continuous phase, the evolution equations (7), (8), (10) and (11) of the dispersed phase
are integrated numerically.We do not solve Eq. (9) as we are not interested in ﬁnding the tangential velocity component
of this phase. To solve these equations, we need the values of the pressure gradient and the velocity components of
the continuous phase at the position of the bubble. But these quantities are available only at the respective staggered
locations in the discretised computational domain as shown in Fig. 2. We use a bi-linear interpolation (or ‘volume
weighting’) technique to get the values of these quantities of the continuous phase from the respective positions on
the staggered grid to the location of the particle. We solve the governing equations describing particle velocity and
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Fig. 7. Path of particles of different sizes starting with different initial positions.
positions using Leapfrog ﬁnite-difference scheme, which is same as Implicit Trapezoidal rule of time integration, and
is unconditionally stable. Using this scheme, Eqs. (7) and (10) can be approximated as
rn+1 − rn = un+1/2B t , (12)
u
n+1/2
B − un−1/2B = f − c1(un+1/2B + un−1/2B )/2, (13)
where c1 = (1/MB)[6c	R] (substituting the expression for FD, for example, from (25) in case of solid particle), f is
the term which does not depend on uB explicitly and t = nt with n = 1, 2, . . . , N being the time steps. R represents
radius of the particle. Eqs. (8) and (10) can be approximated similarly.
5.1. Results and discussions
We choose the computational domain to be of size zmin=0.05m to zmax=0.07m and rmin=0.05m to rmax=0.25m.
The domain is discretised with equal spaced 60 × 600 grid points (in z- and r-directions, respectively).
Case study (Closed chamber): Initially, in our computation, we have used a closed chamber between a rotating wall
and a ﬁxed wall. That means, the upper horizontal cylindrical ﬁxed wall (Fig. 1) is assumed to have the same form
of the rotating shaft and there is no gap between this horizontal wall and the rotating vertical wall. The boundary
conditions on this wall have been taken as U = 0, W = 0 and V = r instead of those given by one-seventh power law
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Fig. 8. Path of solid particles of different sizes with different initial velocities.
(Eqs. (5), (6)). This is an idealization of the ﬂow between a rotating and a ﬁxed disk, for which there are many studies
reported, specially for laminar conditions. We consider the rotational speed  = 50 rps, conveying ﬂuid is water with
density  = 1000.0 kg/m3 and dynamic viscosity  = 0.001 kg/(ms) in our studies. The Reynolds number (deﬁned
as r2max/) to be 3.12 × 106. Computations are carried out using the SIMPLE algorithm. The (mean) values of the
velocity components and pressure (as a function of r) are presented in Figs. 3 and 4. Computed results show that at
the center core the radial velocity is (almost) zero. Also we see that the tangential velocity is constant in the axial
direction between the boundary layers on the rotating and ﬁxed walls. The pressure is constant in the axial direction.
This type of ﬂow ﬁeld was predicted by Batchelor [1] and also agreeing well with the assumptions made by Kurokawa
and Toyokura [9] in deriving the boundary conditions. The contour plots of the radial and axial velocities are presented
in Fig. 5.
To study the movement of solid particles (density B = 2000 kg/m3), we solve Eqs. (7), (8), (10) and (11) using the
steady-state solution of the continuous phase. The particles can come in through different points in the inﬂow region
with different initial velocities, may or may not be same as that of the continuous phase, which can be caused due to
many reasons, e.g., presence of another particle or other obstacle. Therefore, in our study we have considered few such
possible cases for different sizes of the particles. The particle has to move within the bounded region as long as it is
inside the chamber. Since the computational domain includes the walls as well, we have to prescribe some boundary
condition for the particles. Since the wall boundary condition itself is a subject of deep investigation, we have used
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Fig. 9. Path of solid particles of different sizes starting with different initial positions.
simple reﬂection boundary condition for the normal velocity of the particle. The condition is taken as
Un = −Un, (14)
where Un is the normal velocity to the boundary, the accommodation coefﬁcient  lies between [0, 1]. When  = 0.0
it is pure absorption and when = 1.0 it is full reﬂection of the particle.
The ﬁrst case studied is the effect of different initial velocities of solid particles. The starting position (r, z) =
(0.24801, 0.06801) and the accomodation parameter  = 0.5 is kept ﬁxed. In all the explanations below, the velocity
components with subscript B means the velocity of the disperse phase and those with subscript c means the velocity
components of the continuous phase. The three different initial velocities tested are
(a) uB = Uc, vB = 0.0, wB = Wc; (b) uB = Uc, vB = 0.0, wB = 0.0 and (c) uB = −0.5, vB = 0.0, wB = 0.0.
The paths of the particles of different sizes are presented in Fig. 6. The particle with radius 0.025mm has mass which
is too small and that is why it moves around the channel following the path of the ﬂuid. The particles of radius 0.05
and 0.1mm are becoming stagnant near the stationary wall. These particles are bigger than the very small one but do
not experience enough drag force to come out of the vortices formed near the ﬁxed wall (Fig. 5). They are trapped by
these vortices and remain there. The particles of radius 0.5–1.0mm move towards the rotating shaft, which is the low
pressure zone, and become stagnant there.
S.B. Hazra, K. Steiner / Journal of Computational and Applied Mathematics 203 (2007) 444–460 455
0.05
0.1
0.15
0.2
0.25
0.05 0.075 0.1
r
z
Particle of radius 0.000025 m
0.05
0.1
0.15
0.2
0.25
0.05 0.075 0.1
r
z
Particle of radius 0.001 m
0.05
0.1
0.15
0.2
0.25
0.05 0.075 0.1
r
z
Particle of radius 0.0015 m
alpha=1.0
alpha=0.5
alpha=0.0
alpha=1.0
alpha=0.5
alpha=0.0
alpha=1.0
alpha=0.5
alpha=0.0
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The second case studied is the effect of different initial positions through which the solid particles are coming into
the chamber. Three different initial positions tested are:
(a) (r, z) = (0.24801, 0.06801), (b) (r, z) = (0.24801, 0.06534) and (c) (r, z) = (0.24801, 0.06268).
The initial velocity uB =Uc, vB = 0.0, wB =Wc and the accomodation parameter = 0.5 is kept ﬁxed. The paths of
the different particles are presented in Fig. 7. In this case the particles follow the trajectory which is not exactly same
as the earlier case but their ﬁnal position is more or less at the same region as that of the earlier one.
Case studies (real chamber): In this case we have considered the more realistic case that represent the chamber
between the ﬁxed wall and the casing wall of a (single stage) pump. The inﬂow–outﬂow boundary conditions have
been considered according to that explained in Section 2.1. After obtaining the steady-state solution of the continuous
phase we put the particles into the chamber.
The ﬁrst case is the effect of different initial velocities of solid particles. The starting position (r, z) = (0.24933,
0.098667) and the accomodation parameter = 1.0 is kept ﬁxed. The three different initial velocities tested are:
(a) uB = uc, vB = 0.0, wB = wc ; (b) uB = uc, vB = 0.0, wB = 0.0 and (c) uB = −0.5, vB = 0.0, wB = 0.0.
The particles of radius 0.025–0.05mm go out of the chamber in all the three cases. Their path is not effected with
different initial velocities, only they take different amounts of time to go out. The particles of radius 0.5–1.5mm
move differently with different initial velocities. Finally, they become stagnant near the ﬁxed wall of the chamber.
Corresponding pictures are presented in Fig. 8.
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Fig. 11. Path of the bubbles of different sizes with different initial velocities.
The second case studied is the effect of different initial positions through which the solid particles are coming into
the chamber. Three different initial positions tested are:
(a) (r, z) = (0.24933, 0.09867), (b) (r, z) = (0.24933, 0.09733) and (c) (r, z) = (0.24933, 0.0960).
The initial velocity uB = uc, vB = 0.0, wB = wc and the parameter  = 0.5 is kept ﬁxed. The particles of radius
0.025–0.05mm go out of the chamber. Particles of other sizes move differently with the initial position and become
stagnant near the ﬁxed wall or at the corner near the rotating shaft and the rotating wall in the chamber. Corresponding
pictures are presented in Fig. 9.
The next case studied is the effect of the different values of the accomodation parameter for the case of solid particles.
We have tested three different values of the parameter:
(a) = 1.0 (full reﬂection), (b) = 0.5 and (c) = 0.0 (full absorption).
The initial position (r, z) = (0.24933, 0.09867) and the initial velocity uB = uc, vB = 0.0, wB = wc are kept ﬁxed.
For particles upto radius 0.5mm are non-sensitive to this parameter since they do not hit the wall. The other particles
get defﬂected differently with this parameter and at the end they become stagnant. The ﬁnal positions are not very much
different. Corresponding trajectories are presented in Fig. 10.
Similar studies have been made for bubbles (density B = 1.2 kg/m3) also. In Fig. 11 the results of the effect of
different initial velocities are presented. The initial position for these calculations are (r, z)= (0.24933, 0.09867). The
bubbles go out of the chamber with the conveying ﬂuid in all cases. They take different time for different velocities
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Fig. 12. Path of the bubbles of different sizes starting with different initial positions.
to reach their ﬁnal destination. In Fig. 12 the effect of different initial positions are presented. The initial velocity is
taken as the same as that of the continuous phase. As we see in this study, the initial positions has no effect to the ﬁnal
positions of the bubbles. The bubbles go out of the chamber ﬁnally.
6. Conclusion
We have investigated the movements of solid particles and bubbles which ﬂow in with the conveying ﬂuid in-
side the chamber between the rotating impeller and the casing wall. The overall simulation is carried out using
Eulerian–Lagrangian formulation where one-way coupling is used. The turbulent ﬂow ﬁeld is computed by solv-
ing the Reynolds averaged Navier–Stokes equations together with mixing-length turbulence model, which is quite
simple but predicts the ﬂow ﬁeld reasonably well (as in [2]). We conclude this from the studies reported in ‘closed
chamber’ case for the closed chamber between the rotating and ﬁxed walls where Batchelor type of solution is found.
The computed results of the motion of solid particles in this case are reasonable. Very small particles, whose mass is
negligibly small, follow the path lines of the conveying ﬂuid. The medium size particles (considered in our study) will
experience larger drag force than the small ones, but not enough to overcome the vortices near the ﬁxed wall which fall
on their way towards the low-pressure zone near the rotating shaft. Large particles follow the path towards the rotating
shaft (where the pressure is minimum) and become stagnant there.
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In the studies reported in ‘real chamber’ case, the realistic model of the chamber between the casing wall and the
rotating shaft of a single stage centrifugal pump is considered. It is found in this case that the solid particles of small
sizes will ﬂow out of the chamber with the conveying ﬂuid. The medium sized particles will go out of the chamber
or will accumulate near the ﬁxed wall depending on their initial velocities and initial positions through which they
enter the chamber. But the larger particles will be accumulated in the chamber near the rotating shaft or the ﬁxed wall
irrespective of their initial velocities or point of entry to the chamber.
The model is also applied for the bubbles upto moderate sizes and found that the bubbles upto this size will ﬂow out
of the chamber with the conveying ﬂuid irrespective of their initial velocities and point of entry to the chamber. For
consideration of the larger bubbles, better model involving the effects due to change in shape, formation and breakup
of bubbles has to be considered. From the numerical investigations carried out involving the present model, we can
conclude that the larger particles which are ﬂowing into the pump with the conveying ﬂuid will cause the reduced
performance or even break-up of the pump.
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Appendix: Derivation of the dispersed phase equations of motion
Here, we derive an equation for air bubble in liquid, which results in a dynamic set of equations for the bubble center.
Application of Newton’s second law of motion to an inﬁnitesimal element of an incompressible Newtonian ﬂuid of
density  and constant viscosity  without any body force leads to the Navier–Stokes equations and application of the
principle of conservation of mass leads to the continuity equation which are given as follows:
t+ ∇(u) = 0, (15)
t(u) + ∇(u : u) = −∇p + ∇, (16)
where
ij = 
[
j ui + iuj −
2
3
∇ · uij
]
and u is the velocity vector and p is the pressure.
A complete treatment of interfacial boundary conditions in tensor notation is given by Scriven [17]. If surface
velocities are ignored, the normal stress condition reduces to
Normal: (p − n)b − (P − n)c = 2
r
,
where c refers to continuous phase, r is the principal radius of curvature of the surface and the n is the deviatoric
normal stress. Under static condition this reduces to Laplace equation.
The tangential stress condition is
Tangential: (t)b − (t)c = ∇s= 0,
where the t refers to the shearing stresses. In case  varies around the surface of a ﬂuid particle due to concentration
or temperature gradients, right-hand side will be non-zero.
The shape B of the particle is a function of time i.e., B = B(t), in the sense that it has constant shape but is moving
with time. It’s boundary is denoted by B. Then integration of equations over the bubble and using Gauss divergence
theorem gives,
t
∫
B
 dx =
∫
B
( ub − uc) ·  do = 0 (since ub = uc at the interface), (17)
t
∫
B
 ub dx =
∫
B
( ub − uc) ·  do +
∫
B
(−p + )b. do, (18)
where ub is the velocity vector of the particle phase and uc is the velocity vector of the continuous phase.
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Using the interface conditions, we get from Eq. (16)
t
∫
B
 ub dx =
∫
B
[
(−P + )c − 2
r
]
 do. (19)
Now, the discrete value of any quantity is taken to be constant within any control volume and the constant value is the
same as it is at the nodal point of the control volume. To use the same concept, we now deﬁne the mean quantities as
follows:
VB =
∫
B
dx, volume of the particle,
MB =
∫
B
 dx, mass of the particle,
B =
∫
B
 dx
VB
, density of the particle,
uB =
∫
B
 ub dx
MB
, mean velocity of the particle.
Using the above relations in Eqs. (15) and (17) we get the evolution equations for the bubble as follows:
d
dt
MB = 0, (20)
MB
d
dt
uB =
∫
B
[
(−P + )c − 2
r
]
 do,
≈ ∇PcVB + FD, (21)
where ∇Pc approximates
∫
B P do/VB , which can be written as follows:
d
dt
uB = −∇Pc
B
+ FD
MB
. (22)
Also the equation for the position of the center of the particle is given as follows:
d
dt
XB = uB , (23)
where XB is the position vector of the center of the particle. FD is related to the drag coefﬁcient CD, given by
CD = 2FD
 u′A , (24)
where  is the density of the water, u′ = ( Uc − uB) is the relative velocity and A is the projected surface area of the
particle. For particles of different shapes, drag coefﬁcient CD (and therefore FD) is given as (Clift et al., [4])
spherical bubble: CD = 16
Re
, FD = 4c( Uc − uB)	R, (25)
rigid Ball (Stokes law): CD = 24
Re
, FD = 6c( Uc − uB)	R, (26)
spherical-cap-shaped bubble: CD = 16
Re
+ 8
3
(27)
with
Re = 2r
u′
c
,
where the symbols with subscript c means corresponding quantities of continuous phase.
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